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LIFT OF THE TRIVIAL REPRESENTATION TO A NONLINEAR
DOUBLE COVER
WAN-YU TSAI
Abstract. Let G˜ be the nonlinear double cover of the real points of a connected,
simply connected, semisimple complex group. In [Ts], we introduce a set of genuine
small representations of G˜ with infinitesimal character λ, denoted
∏s
λ(G˜). In this
paper, we show that
∏s
ρ/2(G˜) is precisely the set of genuine irreducible representations
arising from the Kazhdan-Patterson lifting of the trivial representation, when G˜ is
simply laced and split.
1. Introduction
The theory of lifting of characters for nonlinear groups was developed by Kazhdan and
Patterson for GL(n,F) in [KP1] and [KP2]. In [AHu], more specifically, the lifting theory
was considered for GL(n,R): An operator t∗ which takes representations of GL(n,R) to
its nonlinear double cover G˜L(n,R) is defined on the level of global characters, and it was
shown that if π is an irreducible unitary representation of G, then t∗(π) is either zero or
an irreducible unitary representation, up to sign.
Lifting was studied for more general groups in [AHe], where G is assumed to be the
real points of a connected, reductive, simply laced complex group, and G˜ is an admissible
cover of G. Identify the kernel of the covering map p : G˜→ G with ±1. Then the lifting
operator was defined by Adams and Herb, stated in the following theorem, which relates
genuine characters of G˜ to characters of G. By character we mean the global character
of a representation, viewed as a function on the regular semisimple elements. A genuine
representation of G˜ is a representation which does not factor to G. The character of a
representation π is denoted Θπ.
Theorem 1.1. ([AHe, Theorem 1.6]) Suppose G(C) is a connected, reductive, simply laced
complex group, with real points G. We assume that the derived group of G(C) is acceptable
(see Definition 2.1 in [AHe]). Suppose G˜ is an admissible cover of G (cf. Section 2
in [AHe]). Then we can define the transfer factor ∆(h, g˜) satisfying the conditions in
Definition 3.2, such that for all stable admissible representation π of G,
(1) Lift(Θπ)(g˜) =
∑
{h∈G|h2=p(g˜)}
∆(h, g˜)Θπ(h)
is the character of a genuine virtual representation π˜ of G˜, or 0. We say π˜ is the lift of π
and write π˜ =LiftG˜G(π), where Θπ˜ =Lift
G˜
G(Θπ).
Theorem 1.1 is formally similar to transfer in the setting of endoscopic groups. For
example, in [S], LiftG˜G is analogous to the simplest case of endoscopy: transfer from the
quasisplit form Gqs of G(C) to G.
The author is supported by a research grant from the Ministry of Science and Technology of Taiwan.
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In this paper, we adopt Theorem 1.1 as the definition of the lifting operator taking
representations of G to genuine representations of G˜. According to Theorem 1.1, LiftG˜G(π)
is a finite sum of genuine irreducible representations of G˜ with integral coefficients, namely,
LiftG˜G(π) =
∑
π˜ aπ˜π˜ with aπ˜ ∈ Z. We denote Lift(π) = {π˜ | aπ˜ 6= 0} as a finite set.
In [AHu], there is a complete discussion of LiftG˜G(π) for one-dimensional representations
π of GL(n,R). Suppose G = GL(n,R). If n is even, G˜ has a distinguished irreducible
representation Tn, which comes from the minimal parabolic subgroup and contains the
pin representation as its lowest K-type (see [H] for details). If n is odd, G˜ has two such
representations Tn(χ0), depending on the choice of central character χ0. Moreover, we
write Speh(k) for the kth Speh representation of G˜L(2m,R) with k = 1/2, 1, 3/2, . . . (see
Section 5 of [AHu]). Then Lift(π), with one-dimensional π of G, is given in the following
proposition.
Proposition 1.1. ([AHu, Proposition 1.5]) Suppose G = GL(2n,R).
(a) If n is even, LiftG˜G(C) = Tn, and Lift
G˜
G(sgn) = Speh(1/2).
(b) If n is odd, LiftG˜G(C) = Tn(χ0), and Lift
G˜
G(sgn) = 0.
Here we consider a similar analysis for other simply laced groups. The setting in this
paper is as follows. Let G be the real points of a simply connected, semisimple, simply laced
complex group, and let G˜ be the nonlinear double cover of G. Because of the assumptions,
the only one-dimensional representation of G is the trivial representation C. We expect
that LiftG˜G(C) gives an interesting class of unitary representations. Recall that in [Ts], we
introduced a set of genuine small representations
∏s
ρ/2(G˜), which consists of irreducible
genuine representations of G˜ with infinitesimal character ρ/2 and maximal τ -invariant.
Moreover,
∏s
ρ/2(G˜) is equal to
∏O
ρ/2(G˜), the set of irreducible genuine representations
with infinitesimal character ρ/2 and attached to a nilpotent orbit O (see Table 1 in [Ts]
for the list of O). The following theorem describes the properties that a representation
occurring in Lift(C) should possess. More precisely, representations in Lift(C) are small
representations with infinitesimal character ρ/2. This is an analogous result to the case of
G˜L(n,R) (cf. [AHu, Corollary 4.7]).
Theorem 1.2. Suppose G is the real points of a simply connected, semisimple, simply
laced complex group, and G˜ is the nonlinear double cover of G. Then
Lift(C) ⊆
∏s
ρ/2(G˜) =
∏O
ρ/2(G˜).
We expect that the inclusion in Theorem 1.2 is an equality in certain cases. In this
paper, we treat the case of split groups, showing that the inclusion in Theorem 1.2 is an
equality for split groups. The following is the main theorem of this paper.
Theorem 1.3. (Main Theorem) Suppose G is the real points of a simply connected,
semisimple, simply laced complex group, and G˜ is the nonlinear double cover of G. In
addition, suppose G is split. Then
Lift(C) =
∏s
ρ/2(G˜) =
∏O
ρ/2(G˜).
In [Ts], we gave an explicit construction of
∏s
ρ/2(G˜) when G˜ is split. Together with
Theorem 1.3, this gives a precise description of the irreducible representation that occur
from lifting of the trivial representation.
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Here is a summary of the contents of the paper. In Section 2, we summarize some
notations needed, many of which are from [Ts]. In Section 3, we follow [AHe] to introduce
the lifting operator and review some of its properties. In Section 4, we focus on lifting the
trivial representation. We show that representations occurring in Lift(C) must be small
with infinitesimal character ρ/2. This is Theorem 1.2. We state the main Theorem at
the end of Section 4. Sections 5 and 6 are the preparation for proving the main Theorem.
We give a brief description of representation theory of nonlinear split groups S˜L(n,R),
S˜pin(n, n), and E˜n(split), n = 6, 7, 8 in Section 5.
The strategy of proving Lift(C) =
∏s
ρ/2(G˜) is actually proving Lift(C) =
∏
RD
(G˜).
The set
∏
RD
(G˜) is introduced in [Ts], which gives an explicit description of
∏s
ρ/2(G˜)
by the theory of Cayley transforms. In [Ts], it is shown that
∏
RD
(G˜) ⊆
∏s
ρ/2(G˜) and
|
∏
RD
(G˜)| = 1, 4, or 16. By a counting argument of Weyl group representations, we show
in [Ts] that
∏
RD
(G˜) =
∏s
ρ/2(G˜) for type A and D. In Section 6 of this paper, we complete
the counting argument to show that
∏
RD
(G˜) =
∏s
ρ/2(G˜) for type E. Then in Section 7, we
prove the main Theorem by proving that
∏
RD
(G˜) ⊆Lift(C), and hence
∏s
ρ/2(G˜) ⊆Lift(C),
which completes the proof of the main Theorem.
There are some related questions that we plan to pursue in the future. First of all, since
the lifting operator is defined on the level of global characters, it is natural to ask for the
character formula of a small genuine representation which occurs in Lift(C). When G˜ =
G˜L(n,R), the character formulas of Tn and Speh(1/2) are computed explicitly in [AHu,
Section 6] with the auxiliary of the t∗ operator acting on one-dimensional representations.
Another interesting question is to study Lift(C) for groups other than split groups. In
Corollary 4.6, we point out that Lift(C) = ∅ if G is not in Table 2 of [Ts]. This means,
the non-split simply laced groups, which have nontrivial Lift(C), are the nonlinear double
covers of the following groups:
A2m−1 : SU(m,m)
A2m : SU(m+ 1,m)
Dn : Spin(n+ 1, n− 1), Spin(n+ 2, n− 2)
E6 : E6(2), the quasisplit form of E6(C).
The groups on this list are all quasisplit, plus Spin(n+2, n−2). We are hoping to classify
LiftG˜G(C) for these groups, to obtain an interesting class of genuine unitary representations
of G˜.
Acknowledgement. The idea of this paper was originated from the Ph.D. thesis of the
author. Part of the contents in this paper were included in her thesis. The author is
grateful to her Ph.D. advisor Prof. Jeffrey Adams for his constant support for years.
2. Some notation
We always assume that G is a real form of a connected, simply connected, semisimple,
simply laced complex Lie group GC, and G˜ is the unique nonlinear double cover of G (see
[A2]). We identify the kernel of the covering map p : G˜→ G with ±1 and write H˜ for the
inverse image in G˜ of a subgroup H of G.
Let gR be the Lie algebra of G and let g be its complexification. Let K denote the max-
imal compact subgroup of G with corresponding Cartan involution θ. We fix a maximally
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split θ-stable Cartan subgroup Hs of G with Cartan subalgebra hsR (with complexification
hs). Fix a positive root system ∆+ of ∆ := ∆(g, hs). Let W be the Weyl group of the
root system ∆.
For a regular element λ in h∗, where h∗ is a Cartan subalgebra of g, we will write ∆+(λ)
for the positive root system of ∆(g, h) making λ dominant. Let
R(λ) = {α ∈ ∆(g, h) | 〈α, λ〉 ∈ Z}
be the integral root system defined by λ, and
R+(λ) = R(λ) ∩∆+(λ), and W (λ) =W (R(λ)),
the positive integral roots and the integral Weyl group.
Let HC(g,K) be the set of Harish-Chandra modules and let HC(g,K)λ ⊂ HC(g,K) be
the set of Harish-Chandra modules with infinitesimal character λ. The set of equivalence
classes of irreducible admissible representations of G, denoted Ĝadm, can be regarded as
a subset of HC(g,K) by sending an irreducible admissible representation to its space of
K-finite vectors. Similarly, Ĝadm,λ is denoted the set of equivalence classes of irreducible
admissible representations of G with infinitesimal character λ. The same notions will also
be used for the nonlinear group G˜. An irreducible representation π of G˜ is genuine if
π(−g˜) = −π(g˜) for all g˜ ∈ G˜. We denote by
∏
g(G˜) the set of equivalence classes of
irreducible genuine admissible representations.
2.1. Regular characters. Let π ∈ Ĝadm,λ, where λ is a regular infinitesimal character.
Then π can be specified by a parameter, which is called a λ-regular character, γ = (H,Γ, γ),
where H is a θ-stable Cartan subgroup of G, Γ is a character of H , and γ is an element in
h∗ which defines the same infinitesimal character as λ, and there are certain compatibility
conditions between γ and Γ (see Definition 5.3 in [AT]). Write H = TA, where T = Hθ
and A is the identity component of {h ∈ H |θ(h) = h−1}. Let M = CentG(A). The
conditions on γ imply that there is a unique relative discrete series representation of M ,
denoted by σM , with Harish-Chandra parameter γ, whose lowest M ∩K-type has Γ as a
highest weight. Then we define a parabolic subgroup P = MN such that π = J(γ), the
unique irreducible quotient of a standard representation I(γ) = IndGP (σM ⊗ 1), which is
parametrized by γ from a K-conjugacy class of regular characters for λ.
Recall that (see [A1], for instance) when λ is a regular infinitesimal character,HC(g,K)λ
is parametrized by the set Pλ ofK-conjugacy classes of λ-regular characters. Furthermore,
the following two sets are bases of the Grothendieck group:
{[J(γ)]}γ∈Pλ and {[I(γ)]}γ∈Pλ.
We have the following definition.
Definition 2.2. Define the change of basis matrix
[J(δ)] =
∑
γ∈Pλ
M(γ, δ)[I(γ)]
and the inverse matrix
[I(δ)] =
∑
γ∈Pλ
m(γ, δ)[J(γ)].
Here M(γ, δ) and m(γ, δ) are integers and M(γ, δ) are computed by the Kazhdan-
Lusztig-Vogan algorithm when G is linear.
We define the length of a regular character γ.
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Definition 2.3. Let γ = (H,Γ, γ) be a regular character of G, where hR has Cartan
decomposition hR = tR + aR. The length of γ is
(2) ℓ(γ) =
1
2
|{α ∈ ∆+(γ) | θ(γ) /∈ ∆+(γ)}|+
1
2
dim aR.
The definitions above apply to G˜. Let π˜ ∈
̂˜
Gadm,λ. Then π˜ = J(γ), the unique
irreducible quotient of a standard module I(γ), which is parametrized by a genuine λ-
regular character γ = (H˜,Γ, γ) with Γ an irreducible genuine representation of H˜ =
p−1(H). In this case Γ can be replaced by a character of Z(H˜), a central character of H˜ ,
because there is a bijection between the set of irreducible genuine representations of H˜
and the set of genuine characters of Z(H˜) (see Proposition 2.2 [ABPTV]).
In this paper, we write IG(γ) and JG(γ) (or IG˜(γ) and JG˜(γ)) to emphasize the repre-
sentations of G (or G˜, respectively) when it is needed.
For nonlinear covering groups, the ”extended integral length” ℓ˜I is defined for a genuine
regular character γ in [RT, Definition 6.7]. This is the correct notion needed for the
induction in the Kazhdan-Lusztig algorithm for nonlinear groups. Note the ℓ(γ) = ℓ˜I(γ)
if G˜ is simply laced, which is the case we will be focusing on throughout the paper.
If G is assumed to be simply laced, we have the following facts.
Proposition 2.4. Assume that G is a real form of a connected, simply connected, semisim-
ple, simply laced complex Lie group GC, and G˜ is the unique nonlinear double cover of G.
In addition, suppose G is simply laced. Let H be a Cartan subgroup of G, and let H0 be
the identity component of H. Then
(1) ([AHe], Proposition 4.7) Z(H˜) = Z(G˜)H˜0. In particular, a genuine character of Z(H˜)
is determined by its restriction to Z(G˜) and its differential;
(2) ([AT], Proposition 5.5) A genuine regular character γ = (H˜,Γ, γ) of G˜ is determined
by γ and the restriction of Γ to Z(G˜), and so is π˜ = J(γ).
We also recall the notions of the cross action and Cayley transform defined on the
regular characters (see [AT]).
• Cross action. The cross action of W on regular characters is denoted w × γ,
where w ∈ W , γ is a λ-regular character. If w ∈ W (λ), then w × γ is again a
λ-regular character.
• Cayley transforms and inverse Cayley transforms. Let γ be a λ-regular
character. Suppose α is a noncompact imaginary root for γ. Then cα(γ) = {γα}
or {γα+, γ
α
−} denotes the Cayley transform of γ by α, where γ
α, γα± are again λ-
regular characters. Suppose α is a real root for γ. Then cα(γ) = {γα} or {γ+α , γ
−
α }
denotes the inverse Cayley transform of γ by α, where γα, γ
±
α are again λ-regular
characters.
We recall some more notation from [Ts].
• The set of irreducible genuine small representations of G˜ with infinitesimal char-
acter λ is ∏s
λ(G˜) = {π ∈ Ĝadm,λ | π has maximal τ -invariant},
where λ = ρ/2 if G is simply laced or of type G2, and see Table 1 in [Ts] for λ in
other cases.
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Moreover, π ∈
∏s
λ(G˜) if and only if π is attached to the nilpotent orbit O (see
Table 1 in [Ts]).
Furthermore, suppose that G is simply laced and split.
• SHρ/2 denotes the set of irreducible quotients of pseudospherical principal se-
ries representations (see [ABPTV] for details) with infinitesimal character ρ/2;
SHρ/2,χ denotes the subset of SHρ/2 containing representations with central char-
acter χ.
•
∏
RD
(G˜) denotes the set of representations constructed by applying Cayley trans-
forms to Sh ∈ SHρ/2 through subsets of simple roots from RD (see Table 3 in
[Ts]);
∏
RD
(G˜)χ denotes the subset of
∏
RD
(G˜) containing representations with
central character χ.
3. Kazhdan-Patterson Lifting
The materials in this section can be found in [AHe]. The assumptions for G,GC, G˜ are
as in Section 2. Recall that we identify the kernel of the covering map p : G˜ → G with
{±1}. Let G′ be the set of regular semisimple elements of G.
Definition 3.1. Let π ∈ Ĝadm, with character Θπ. We say π and Θπ are stable if Θπ is
invariant under conjugation of GC, that is, Θπ(g) = Θπ(g
′) if g, g′ ∈ G′ and g′ = xgx−1
for some x ∈ GC.
Suppose H is a Cartan subgroup of G and Φ+ is a set of positive roots of H in G. For
h ∈ H we have the Weyl denominator
|D(h)|
1
2 = |
∏
α∈Φ+
(1− α−1(h))||eρ(h)|.
Definition 3.2. (see [AHe]) Suppose π ∈ Ĝadm and π is stable. For g˜ ∈ G˜′, define
LiftG˜G(Θπ)(g˜) =
∑
{h∈G|h2=p(g˜)}
∆(h, g˜)Θπ(h).
Here ∆(h, g˜) is a certain function on G′ × G˜′ satisfying the following conditions:
∆(h, g˜) = 0 unless h2 = p(g˜)
|∆(h, g˜)| = |D(h)|
1
2 /|D(g˜)|
1
2
∆(xhx−1, x˜g˜x˜−1) = ∆(h, g˜) (x˜ ∈ G˜, x = p(x˜))
∆(h,−g˜) = −∆(h, g˜)
By Section 5 in [AHe], since GC is simply connected and semisimple, the function ∆ is
canonical.
The following theorem is a special case of the main theorem of [AHe]. Since GC is
simply connected and semisimple, a simplified version of Section 5 in [AHe] applies.
Theorem 3.1. Assume the setting in the beginning of this section. Then there is a
canonical function (see Section 5 in [AHe]) ∆(h, g˜) satisfying the conditions in Definition
3.2, such that for all stable admissible representation π of G,
Lift(Θπ)(g˜) =
∑
{h∈G|h2=p(g˜)}
∆(h, g˜)Θπ(h)
is the character of a genuine virtual representation π˜ of G˜, or 0. We say π˜ is the lift of π
and write π˜ =LiftG˜G(π), where Θπ˜ =Lift
G˜
G(Θπ).
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Because of this theorem, for a stable admissible representation π of G, we will denote
LiftG˜G(π) as a set as follows. If Lift
G˜
G(π) =
∑˜
π
aπ˜π˜, for aπ˜ ∈ Z and π˜ ∈
∏
g(G˜), the set of
irreducible genuine admissible representations of G˜, then we define
(3) Lift(π) = {π˜ ∈
∏
g(G˜) | aπ˜ 6= 0}
as a set, and this is a finite set of irreducible genuine representations due to Theorem 3.1.
3.3. Lifts of regular characters and standard modules. Lifting of regular characters
is defined in [AHe]. We summarize some important facts here.
Definition 3.4. (cf. [AHe, Definition 16.2]) A modified regular character is a triple
γ = (H,Γ, γ), where H is a θ-stable Cartan subgroup of G, Γ is a character of H and
γ ∈ h∗. Write H = TA and M = CentG(A) with complexified Lie algebra m. Let
Φi = ∆(m, h),
and assume
〈λ, α∨〉 ∈ R× for all α ∈ Φi.
Let Φ+i (γ) = {α ∈ Φi | 〈γ, α
∨〉 > 0}, ρi(γ) =
1
2
∑
α∈Φ+i (γ)
α. We assume dΓ = λ− ρi(γ).
The set of modified regular characters for G is denoted CD(G). If H is fixed, let
CD(G,H) be the set of modified regular characters (H,Γ, γ). Associated to γ ∈ CD(G)
is a relative discrete series representation πM (γ), with Harish-Chandra parameter γ and
central character Γ|Z(M). The fact is that CD(G) is in one-to-one bijection with the set
of regular characters of G introduced in 2.1. Thus, we will also write I(γ) = IG(γ) :=
IndGP (πM (γ)), where P =MN is any parabolic subgroup containingM , to be the standard
representation of G parametrized by γ ∈ CD(G). Let ΘG(γ) denote the character of IG(γ).
Let H be a Cartan subgroup of G. Note Wi = W (Φi) acts on H and this induces
an action on CD(G,H): w(H,Γ, γ) = (H,wΓ, wγ) where wΓ(h) = Γ(w−1h). Note that
I(wγ) and I(γ) have the same infinitesimal and central characters.
Lemma 3.5. (cf. [AHe, Lemma 16.12]) Suppose γ = (H,Γ, γ) ∈ CD(G,H). We define
(4) IstG (γ) =
∑
w∈W (M,H)\Wi
IG(wγ)
with character ΘstG(γ). Then Θ
st
G(γ) is a stable character (see Definition 3.1).
The definition of modified regular character extends naturally to G˜ just like that of
regular character.
A genuine modified regular character of G˜ is γ˜ = (H˜, Γ˜, γ) where H˜ = p−1(H) is a
Cartan subgroup of G˜, Γ˜ is a character of Z(H˜) and γ ∈ h∗. The conditions for γ˜ to
satisfy are the same as those for a modified regular character (see Definition 3.4).
Let CDg(G˜) be the set of genuine modified regular characters of G˜ and let CDg(G˜, H˜) be
the subset with given Cartan subgroup H˜ . Write IG˜(γ) to be the standard representation
of G˜ parametrized by γ˜ ∈ CDg(G˜).
We define lifting on the level of modified regular characters.
Given a Cartan subgroup H . Let φ be the map on G defined by φ(g) = g2 and write
φH for the restriction of φ on H . For g˜ ∈ H˜ , let
(5) X(H, g˜) = {h ∈ H | φ(h) = p(g˜)}
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and
(6) S˜ = {g˜ ∈ H˜ | p(g˜) ∈ φ(H)} = {g˜ ∈ H˜ | X(H, g˜) 6= ∅}.
Fix χ ∈ Ĥ and χ˜ ∈
∏
g(Z(H˜)) to be the lifting data (see [AHe, Definition 7.1]). For a
character ψ of H , we have (cf. Section 10 of [AHe])
(7) LiftH˜H(ψ)(g˜) =
{
0 if g˜ /∈ S˜,
c−1|Ker(φH)|ψ˜0(g˜) if g˜ ∈ S˜,
where c ∈ Z is given in [AHe, Definition 8.1], and ψ˜0 is defined to be
(8) ψ˜0(g˜) = χ˜(g˜)ψ(h)χ(h)
−1
with some choice of h ∈ X(H, g˜). Note that this is independent of the choice of h and
hence ψ˜0 is a well-defined genuine character of S˜.
Let
(9)
∏
g(Z(H˜), ψ˜0) = {ψ˜ ∈
∏
g(Z(H˜)) | ψ˜|S˜ = ψ˜0}.
By Proposition 2.2 in [ABPTV], there is a bijection between
∏
g(Z(H˜)) and
∏
g(H˜). We
denote this bijection by ψ˜ → τ˜ (ψ˜). The following proposition summarizes how LiftH˜H(ψ)
is defined.
Proposition 3.6. ([AHe, Proposition 10.11]) Fix χ˜ ∈
∏
g(Z(H˜)) and χ ∈ Ĥ, and use
them to define LiftH˜H . Fix ψ ∈ Ĥ. Then Lift
H˜
H(ψ) 6= 0 if and only if χ(t) = ψ(t) for all
t ∈ Ker(φH). Assume this holds. Define ψ˜0 as in (8) and
∏
g(Z(H˜), ψ˜0) as in (9). Then
(10) LiftH˜H(ψ) =
∑
ψ˜∈
∏
g(Z(G˜),ψ˜0)
τ˜ (ψ˜).
This is an identity of genuine representations of H˜; the right hand side is the direct sum
of |p(Z(H˜))/φH(H)| irreducible representations. The differentials satisfy
(11) dψ˜ =
1
2
(dψ − dµ)
where dµ = dχ− 2dχ˜ ∈ h∗.
Now we are ready to define LiftG˜G of modified regular characters.
Definition 3.7. ([AHe, Definition 17.5]) Fix χ, χ˜ as in Proposition 3.6. Let γ = (H,Γ, γ) ∈
CD(G). If Γ|Ker(φH) 6= χ|Ker(φH) then Lift
H˜
H(Γ) = 0, and we define Lift
G˜
G(γ) = 0 and
ΘG˜(Lift
G˜
G(γ)) = 0. Otherwise write
(12) LiftH˜H(Γ) =
n∑
i=1
τ˜ (Γ˜i)
where n = |p(Z(H˜))/φ(H)|, and each Γ˜i is a genuine one-dimensional representation of
Z(H˜) (see Proposition 3.6). For 1 ≤ i ≤ n let γ˜i = (H˜, Γ˜i,
1
2 (γ − dµ)) (with µ defined in
Proposition 3.6); this is a genuine regular character of G˜. Define
(13) LiftG˜G(γ) = {γ˜1, . . . , γ˜n}
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and
(14) ΘG˜(Lift
G˜
G(γ)) =
n∑
i=1
ΘG˜(γ˜i).
Furthermore, lifting of a stable sum of standard modules can also be defined. Let
γ = (H,Γ, γ) ∈ CD(G,H). Recall that Wi =W (Φi) acts on CD(G,H).
Theorem 3.2. ([AHe, Corollary 19.8]) Suppose γ = (H,Γ, γ) ∈ CD(G,H). Let {γ˜1, · · · , γ˜n}
be the set of constituents of LiftG˜G(wγ) as w runs over Wi, considered without multiplicity.
Then
(15) LiftG˜G(I
st
G (γ)) = C(H)
n∑
i=1
IG˜(γ˜i),
where C(H) = c(H)/c(Hs), c(H) = |H02 ||H/Z0(H)|
1
2 , Hs is the maximally split Cartan
subgroup of G, H02 is the subgroup of elements of order 2 in the identity component of H,
Z0(H) = p(Z(H˜)). Note that all the constituents have distinct central characters, so are
a fortiori distinct, and that C(H) is normalized so that C(Hs) = 1.
4. Lift of the trivial representation
In this section, the assumptions for G and G˜ are the same as in Section 2. Denote by
C the trivial representation of G. In this section, more specifically, we will study Lift(C).
When G = GL(n,R), and π is a one-dimensional representation of G, it is shown in
Section 4 of [AHu] that any π˜ ∈ Lift(π) has infinitesimal character ρ/2 and maximal τ -
invariant, assuming that π˜ 6= 0. We will generalize this result to various groups G. Note
that the proof is parallel to that of the case of GL(n,R), with a little modification.
Lemma 4.1. Retain the setting for G in the beginning of this section. Let π be a sta-
ble admissible virtual representation of G with infinitesimal character λ. Assume that
Lift(π) 6= ∅, then every π˜ ∈Lift(π) has infinitesimal character λ/2.
Proof. We just need to show the case for standard modules since standard modules span
virtual modules.
Let IstG (γ) be a stable sum of standard modules, parametrized by a modified regular
character γ = (H,Γ, λ) ∈ CD(G). By Definition 3.7, if LiftH˜H(Γ) 6= 0, then Lift
G˜
G(γ) =
{γ˜1, · · · , γ˜n}, where each γ˜i = (H˜, Γ˜i,
1
2
(λ−µ)) is a genuine regular character of G˜. It turns
out that each γ˜i has infinitesimal character λ/2 since GC is simple and simply connected,
lifting is canonical and µ = 0 (see Section 5 in [AHe]). Now by Theorem 3.2, LiftG˜G(I
st
G (γ))
is a sum of IG˜(γ˜i) and hence the infinitesimal character of Lift
G˜
G(I
st
G (γ)) is λ/2. 
Next, we show that the Lift operator commutes with coherent continuation.
Definition 4.2. (cf. Definition 7.2.5 in [V1]) Let H ⊆ G be a Cartan subgroup. The
weight lattice in Ĥ is the subgroup Λ of Ĥ consisting of weights of finite dimensional
representations of G. Fix λ ∈ h∗. A coherent family based at λ is a collection of virtual
modules {π(λ+ µ) | µ ∈ Λ} such that for all µ ∈ Λ,
(a) π(λ+ µ) has infinitesimal character λ+ dµ, and
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(b) for any finite dimensional representation F of G,
π(λ+ µ)⊗ F ≃
∑
ξ∈△(F )
π(λ + (µ+ ξ)),
where △(F ) ⊂ Λ is the set of weights of F .
Since every finite dimensional representation of G˜ factors to G when the rank of G is
bigger than 1, Definition 4.2 applies when G is replaced with G˜.
Fix λ ∈ h∗ and a coherent family {π(λ+ µ) | µ ∈ Λ} for G. For µ ∈ Λ, define
π˜(λ/2 + µ) = LiftG˜G(π(λ+ 2µ).
Proposition 4.3. The collection of virtual representations {π˜(λ/2 + µ) | µ ∈ Λ} is a
coherent family.
We need the following Lemma before giving the proof. The next Lemma for GL(n,R)
can be found in [AHu],
Lemma 4.4. Retain the setting of G in the beginning of the section. Let F be a finite
dimensional representation of G. Then there exists a virtual finite dimensional represen-
tation A ∗ F satisfying
(16) ΘA∗F (g) = ΘF (g)
2
for all g ∈ G. Equivalently, for all Cartan subgroups H of G,
(17) △(A ∗ F ) = 2△(F ),
where △(F ),△(A ∗ F ) ⊂ Ĥ denote the weights of F and A ∗ F respectively.
See Section II.7 in [BT] for the case of compact groups G. The result can be extended
to general Lie groups.
proof of Proposition 4.3. By Lemma 4.1, π˜(λ/2+µ) is a virtual representation with infini-
tesimal character λ/2+dµ. We need to show that for any finite dimensional representation
F of G˜ and µ ∈ Λ, we have
(18)
∑
ξ∈△(F )
π˜(λ/2 + µ+ ξ) = π˜(λ/2 + µ)⊗ F.
Note that F is a nongenuine finite dimensional representation of G˜, that is, for g˜ ∈ G˜,
(19) ΘF (g˜) = ΘF (p(g˜)).
We now compute the character of both sides of (18) at a regular semisimple element g˜ ∈ G˜,
which means that g˜ is a preimage of a regular semisimple element of g ∈ G.
The following sums over h are over {h ∈ G | h2 = p(g˜)}.
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∑
ξ∈△(F )
Θπ˜(λ/2+µ+ξ)(g˜) =
∑
ξ∈△(F )
∑
h
∆(h, g˜)Θπ(λ+2µ+2ξ)(h) (Definition 3.2)
=
∑
h
∑
ξ∈△(A∗F )
∆(h, g˜)Θπ(λ+2µ+ξ)(h) ((17))
=
∑
h
∆(h, g˜)Θπ(λ+2µ)(h)ΘA∗F (h) (Definition 4.2(b))
=
∑
h
∆(h, g˜)Θπ(λ+2µ)(h)ΘF (p(g˜)) ((16))
= Θπ˜(λ/2+µ)(g˜)ΘF (g˜) (Definition 3.2)
This completes the proof. 
Theorem 4.1. Let π˜ ∈Lift(C). Then π˜ has infinitesimal character ρ/2 and maximal
τ-invariant.
Proof. The first assertion of the theorem is a corollary of Lemma 4.1 since the infinitesimal
character of C is ρ.
To show that π˜ has maximal τ -invariant, we will show that ψα(π˜) = 0 for all α ∈∏
(ρ/2), where ψα is the Zuckerman translation functor pushing to the α-wall. Suppose
λ is singular and ρ/2 − λ is a sum of roots. Since the trivial representation C is finite-
dimensional, the translation of C to infinitesimal character is zero; by Proposition 4.3, the
same holds for the translation of π˜ to λ. 
Corollary 4.5. Retain the setting in the beginning of the section for G and G˜. Then
(20) Lift(C) ⊆
∏s
ρ/2(G˜) =
∏O
ρ/2(G˜).
This corollary limits the irreducible representations π˜ that can contribute to the lift
of the trivial representation: π˜ must have infinitesimal character ρ/2 and maximal τ -
invariant.
Corollary 4.6. Lift(C) = ∅ if G is not in Table 2 in [Ts]. Therefore, if LiftG˜G(C) 6= 0
then G is quasisplit or G = Spin(n+ 2, n− 2).
We expect that the inclusion in Corollary 4.5 is an equality for many groups G˜. It turns
out that this is true when G˜ is split. The following is the main theorem of the paper. We
will complete the proof of it in Section 7.
Theorem 4.2. (Main Theorem) Suppose that G is the split real form of a simply laced,
connected, simply connected complex group, with G˜ to be the nonlinear double cover of
G.Then
Lift(C) =
∏s
ρ/2(G˜),
that is, the set of genuine irreducible representations occurring in the lifting of C is precisely
the set of genuine small representations of G˜ with infinitesimal character ρ/2.
5. Representations of Split groups G˜
We will focus on simply laced split groups from now on. Therefore, G˜ = S˜L(n,R) for
type An−1, G˜ = S˜pin(n, n) for type Dn, or G˜ is the nonlinear double cover for split real
form of type E6, E7, or E8 for type E. For later use, we list all ρ/2-regular parameters of
G˜.
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5.1. Type An−1. G˜ = S˜L(n,R). The Cartan subgroups of G˜ can be enumerated as H˜i,
where i is the real rank of H˜i. More precisely, when n = 2p, we have p − 1 ≤ i ≤ n − 1,
and
Hp−1 ∼= S
1 × (C×)p−1
Hi ∼= (C
×)n−1−i × (R×)2i−n+1 for p ≤ i ≤ n− 1;
when n = 2p+ 1, we have p ≤ i ≤ n− 1, and
Hp ∼= S
1 × (C×)p−1 × R×
Hi ∼= (C
×)n−1−i × (R×)2i−n+1 for p+ 1 ≤ i ≤ n− 1.
Lemma 5.2. (cf. [ABPTV])
(a) For n = 2p, Z(G˜) = Z2 × Z2.
(b) For n = 2p+ 1, Z(G˜) = Z2.
Fix ∆+ = {ei − ej | i < j} for all parameters. Denote ∆
+
1 = ∆
+
ρ/2 to be the positive
integral roots for ρ/2, and ∆1/2 to be the half-integral roots for ρ/2. Therefore, we have
∆+ = ∆+1 ∪∆
+
1/2. More precisely,
∆+1 = {ei − ej | i < j, i− j ∈ 2Z}, ∆
+
1/2 = {ei − ej | i < j, i− j ∈ 2Z+ 1}.
Due to Lemma 5.2, SHρ/2 consists of 2 genuine representations with different central
characters when n = 2p and it consists of 1 representation when n = 2p + 1. Write γSh
for the parameter(s) of Sh ∈ SHρ/2. All parameters of G˜ can be obtained from γSh by
(inverse) Cayley transforms through real i roots (for Sh) in ∆+1/2. We write parameters
specified by Cartan subgroups in this way:
H˜n−1 : γSh
H˜n−1−j : c{α1,...,αj}(γSh), where {α1, . . . , αj} ⊂ ∆
+
1/2 is an orthogonal set.
Fix a central character χ of G˜, and take Sh ∈ SHρ/2 with central character χ. A
ρ/2-regular character γ = c{ei1−ej1 ,··· ,eim−ejm}(γSh) with central character χ can be
parametrized by a set of pairs of numbers
{{i1, j1}, {i2, j2}, . . . , {im, jm}}
with ik ∈ {1, 3, . . . , 2p− 1} if n = 2p, (or ik ∈ {1, 3, . . . , 2p− 1, 2p+ 1} if n = 2p+ 1) and
jk ∈ {2, 4, . . . , 2p}.
We write γ = c{ei1−ej1 ,··· ,eim−ejm}(γSh) = γ({i1, j1}, {i2, j2}, . . . , {im, jm}). We write
γ(S1) ⊆ γ(S2) if S1 ⊆ S2.
The corresponding standard module and irreducible quotients are denoted
I({i1, j1}, {i2, j2}, . . . , {im, jm})
and
J({i1, j1}, {i2, j2}, . . . , {im, jm}),
respectively.
In particular,
(21)
∏
RD
(G˜)χ =
{
{J(∅)} if n = 2p+ 1,
{J(∅), J({1, 2}, {3, 4}, . . . , {2p− 1, 2p})} if n = 2p.
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Recalling the length of γ defined in 2.3 and letting ℓs = ℓ(γ(∅)), we have that
ℓ(γ({i1, j1}, . . . , {im, jm})) = ℓs −
m∑
k=1
|ik − jk|,
if we can arrange the ik and ik so that i1 < j1 < · · · < im < jm. Note that ℓ(γ(S1)) >
ℓ(γ(S2)) if S1 ⊂ S2.
5.3. Type Dn. We refer the reader to [BTs, Section 6] for more details about the repre-
sentation theory of S˜pin(n, n).
As in the case of type A, a ρ/2-regular character γ with central character χ can be
obtained from some Sh ∈ SHρ/2 by a series of Cayley transforms, i.e. γ = cα1,...,αm(Sh),
where {α1, . . . , αm} is a set of strongly orthogonal roots.
Such γ can be parametrized by a set of the form
(22)
{{i1, i2, . . . , ir, j1, j2, . . . , jr}, {ǫr+1ir+1, ǫr+1jr+1}, {ǫr+2ir+2, ǫr+2jr+2}, . . . , {ǫmim, ǫmjm}}
with ǫk = ±1, ik ∈ {1, 3, . . . , 2p − 1} if n = 2p, (or ik ∈ {1, 3, . . . , 2p − 1, 2p + 1} if
n = 2p+ 1) and jk ∈ {2, 4, . . . , 2p}. If γ is a regular character parametrized by (22), then
it is denoted
γ({{i1, i2, . . . , ir, j1, j2, . . . , jr}, {ǫr+1ir+1, ǫr+1jr+1}, {ǫr+2ir+2, ǫr+2jr+2}, . . . , {ǫmim, ǫmjm}});
it means eik±eil , ejk±ejl are compact imaginary for γ, eik±ejl are noncompact imaginary
for γ for 1 ≤ k 6= l ≤ r, and eik − ǫkejk is noncompact imaginary for γ for r+ 1 ≤ k ≤ m.
We write γ(S1) ⊆ γ(S2) if S1 ⊆ S2. Note that ℓ(γ(S1)) > ℓ(γ(S2)) if S1 ⊂ S2.
The corresponding standard module and irreducible quotients are denoted
I({{i1, i2, . . . , ir, j1, j2, . . . , jr}, {ǫr+1ir+1, ǫr+1jr+1}, {ǫr+2ir+2, ǫr+2jr+2}, . . . , {ǫmim, ǫmjm}})
and
J({{i1, i2, . . . , ir, j1, j2, . . . , jr}, {ǫr+1ir+1, ǫr+1jr+1}, {ǫr+2ir+2, ǫr+2jr+2}, . . . , {ǫmim, ǫmjm}}),
respectively.
In particular,
(23)
∏
RD
(G˜)χ =

{J(∅), J({2p− 1, 2p}, {−(2p− 1),−2p})} if n = 2p+ 1,
{J(∅), J({2p− 1, 2p}, {−(2p− 1),−2p}), if n = 2p.
J({1, 2}, {3, 4}, . . .{2p− 3, 2p− 2}, ǫ{2p− 1, 2p})}, ǫ = 1 or − 1
5.4. Type E. Let GC be a complex algebraic group of type En, n = 6, 7, 8, with Lie
algebra g. Let G be the split real form of GC with Lie algebra gR. Let θ denote the Cartan
involution (corresponding to G).
5.5. Cartan subalgebra in gR. Conjugacy classes of Cartan subalgebras have the fol-
lowing representatives:
(24)
E6 : h
r,m,s
R = {(x1, x2, x3, x4, x5,−x6,−x6, x6)}
E7 : h
r,m,s
R = {(x1, x2, x3, x4, x5, x6,−x7, x7)}
E8 : h
r,m,s
R = {(x1, x2, x3, x4, x5, x6, x7, x8)}
with θ given in the tables below.
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E6 : h
r,m,s
R θ cr,m,s
h
2,2,0
R (−Id) ◦ s12s12s34s34 c12c12c34c34
h
0,3,0
R (−Id) ◦ s12s12s34 c12c12c34
h
0,2,2
R (−Id) ◦ s12s12 c12c12
h
0,1,4
R (−Id) ◦ s12 c12
h
0,0,6
R − Id Id
E7 : h
r,m,s
R θ cr,m,s
h
7,0,0
R (−Id) ◦ s12s12s34s34s56s56s78 c12c12c34c34c56c56c78
h
5,1,0
R (−Id) ◦ s12s12s34s34s56s78 c12c12c34c34c56c78
h
3,2,0
R (−Id) ◦ s12s12s34s34s78 c12c12c34c34c78
h
1,3,0
R (−Id) ◦ s12s12s34s78 c12c12c34c78
h
2,2,1
R (−Id) ◦ s12s12s34s34 c12c12c34c34
h
1,2,2
R (−Id) ◦ s12s12s78 c12c12c78
h
0,3,1
R (−Id) ◦ s12s12s34 c12c12s34
h
0,2,3
R (−Id) ◦ s12s12 c12c12
h
0,1,5
R (−Id) ◦ s12 c12
h
0,0,7
R − Id Id
E8 : h
r,m,s
R θ cr,m,s
h
8,0,0
R (−Id) ◦ s12s12s34s34s56s56s78s78 c12c12c34c34c56c56c78c78
h
6,1,0
R (−Id) ◦ s12s12s34s34s56s56s78 c12c12c34c34c56c56c78
h
4,2,0
R (−Id) ◦ s12s12s34s34s56s78 c12c12c34c34c56c78
h
2,3,0
R (−Id) ◦ s12s12s34s34s56 c12c12c34c34c56
h
0,4,0
R (−Id) ◦ s12s12s34s56 c12c12c34c56
h
2,2,2
R (−Id) ◦ s12s12s34s34 c12c12c34c34
h
0,3,2
R (−Id) ◦ s12s12s34 c12c12c34
h
0,2,4
R (−Id) ◦ s12s12 c12c12
h
0,1,6
R (−Id) ◦ s12 c12
h
0,0,7
R − Id Id
Remark and Notation. We write hr,m,s for the complexification of hr,m,sR . Note that
h
0,0,n
R is the split Cartan subalgebra. In the second column of the table, sij(xi) = xj ,
sij = −xj . In the last column, cij denotes the (inverse) Cayley transform through the
root ei − ej, and cij denotes the (inverse) Cayley transform through the root ei + ej . The
LIFT OF THE TRIVIAL REPRESENTATION TO A NONLINEAR DOUBLE COVER 15
notation cm,r,s relates h
r,m,s to h0,0,n as follows:
h
r,m,s
R = cm,r,s(h
0,0,n
R ),
where cm,s,r is a product of (inverse) Cayley transforms cα shown in the tables. The Haase
diagrams of Cartan subalgebras are exhibited in Figure 1. The numbers on the left of the
figure indicate the real rank of each Cartan subalgebra.
Figure 1.
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R
Lemma 5.6. The hr,m,sR listed above exhaust the G-conjugacy classes of Cartan subalgebras
in gR.
5.7. Center of G˜. Let A = MA0 be the split torus of G with identity component A0.
Then A˜ = M˜A0 is a two-fold cover of A. By Lemma 3.12 in [ABPTV], Z(G˜) = Z(M˜).
Furthermore, p(Z(M˜)) ∼= [2P∨∩R∨]/2R∨, where P∨ and R∨ are the coweight lattice and
coroot lattice, respectively. Consequently, we have the following lemma.
Lemma 5.8. (cf. [ABPTV])
(1) In the case of type E6, Z(G˜) ∼= Z2.
(2) In the case of type E7, Z(G˜) ∼= Z2 × Z2.
(3) In the case of type E8, Z(G˜) ∼= Z2.
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Proof. By the comments above this lemma, it suffices to compute Z(M˜). In the cases of E6
and E8, |[2P
∨ ∩R∨]/2R∨| = 1. In the case of E7, the representatives for [2P
∨ ∩R∨]/2R∨
can be picked to be {0, (0, . . . , 0,−1, 1)} and hence |[2P∨ ∩R∨]/2R∨| = 2. This gives the
desired results of this lemma. 
5.9. Cartan subgroups of G˜. Recall that in 5.5, hr,m,sR denotes a Cartan subalgebra of
G = En(split). Let H
r,m,s denote the centralizer of hr,m,sR in G of h
r,m,s
R . We have
Hr,m,s ∼= (S1)r × (C×)m × (R×)s.
The centralizer of hr,m,sR in G˜ gives a Caratn subgroup of G˜. It turns out that such a
Cartan subgroup is H˜r,m,s = p−1(Hr,m,s).
5.10. Regular characters. We use coordinates from [Bou] for the root system in type
E.
Notation 5.1. A root of the form 12 (±1, . . . ,±1) will be denoted
βi1···ik , 1 ≤ i1 < · · · < ik ≤ 8,
if −1 occurs in the ij-th coordinate. For example, β234567 =
1
2 (1,−1, . . . ,−1, 1) is one of
the simple roots in type E. The simple reflections through the root ei− ej and ei+ ej will
be denoted sij and sij , respectively; the simple reflection through the root βi1,...,ik will be
denoted ri1i2···ik .
Fix Π to be the set of simple roots of type E, given as follows:
E6 : Π = {α1 = β234567, α2 = e1 + e2, α3 = e2 − e1, α4 = e3 − e2,
α5 = e4 − e3, α6 = e5 − e4},
E7 : Π = {α1 = β234567, α2 = e1 + e2, α3 = e2 − e1, α4 = e3 − e2,
α5 = e4 − e3, α6 = e5 − e4, α7 = e6 − e5},
E8 : Π = {α1 = β234567, α2 = e1 + e2, α3 = e2 − e1, α4 = e3 − e2,
α5 = e4 − e3, α6 = e5 − e4, α7 = e6 − e5, α8 = e7 − e6}.
We summarize ρ/2, ∆(ρ/2), and Π(ρ/2) for each type as follows. Again, we use coor-
dinates from [Bou].
ρ/2 ∆(ρ/2) Π(ρ/2)
E6 :
1
2
(0, 1, 2, 3, 4,−4,−4, 4) A1 ×A5 e2 + e4,−e1 + e3,−e3 + e5, e1 + e3,
β134567,−e2 + e4
E7 :
1
2
(0, 1, 2, 3, 4, 5,−
17
2
,
17
2
) A7 − e1 + e3,−e3 + e5, e1 + e3, β134567,
− e2 + e4,−e4 + e6, e2 + e4
E8 :
1
2
(0, 1, 2, 3, 4, 5, 6, 23) D8 e2 + e4,−e4 + e6,−e2 + e4, β134567,
e1 + e3,−e3 + e5,−e5 + e7,−e1 + e3
Fix a set of positive roots ∆+ corresponding to Π for all parameters. Let ∆+1 = ∆(ρ/2),
which is formed of Π(ρ/2) and ∆+1/2 = {α ∈ ∆
+ | 〈ρ/2, α∨〉 ∈ Z+ 1/2}.
Due to Lemma 5.8, SHρ/2 consists of one genuine representation when G˜ = E˜6(split)
and E˜8(split) and it consists of 2 genuine representations when G˜ = E˜7(split). Write γSh
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for the parameter(s) of Sh ∈ SHρ/2. All parameters of G˜ can be obtained from γSh by
(inverse) Cayley transforms through real roots (for Sh) in ∆+1/2. We write parameters
specified by Cartan subgroups in this way:
H˜0,0,n : γSh
H˜r,m,s : c{α1,...,αj}(γSh), where {α1, . . . , αj} ⊂ ∆
+
1/2 is an orthogonal set.
Moreover, if α1, . . . , αj are all of the form ei ± ek, then the parameter c{α1,...,αj}(γSh)
can be written as the form jk ∈ {2, 4, . . . , 2p}. If γ is a regular character parametrized by
(22), then it is denoted
γ({{i1, i2, . . . , ir, j1, j2, . . . , jr}, {ǫr+1ir+1, ǫr+1jr+1}, {ǫr+2ir+2, ǫr+2jr+2}, . . . , {ǫmim, ǫmjm}});
as in 5.3 for type D; similar notation also applies to the corresponding standard modules
and irreducible quotients.
In particular, fixing a central character χ of G˜,
(25)
∏
RD
(G˜)χ =

{J(∅)} if G˜ = E˜6(split),
{J(∅), J({−1,−2}, {3, 4}, {5, 6})} if G˜ = E˜7(split),
{J(∅)} if G˜ = E˜8(split),
6. Counting Small representations for type E
We focus on the group G which is a semisimple, simply laced, connected, split real
group and assume G˜ is the nonlinear double cover of G. We will count the number of
small representations in
∏s
ρ/2(G˜). The number of representations attached to O with
infinitesimal character ρ/2 equals the multiplicity of the sign representation of W (ρ/2) in
the coherent continuation representation. For type An−1 and Dn, this has been done in
[Ts]. We will treat the case of type E in this section.
We first recall the coherent continuation action for the group G˜.
6.1. Coherent continuation representations for G˜. We take a look at the cross action
again. As in [RT], given the infinitesimal character λ, we define a family of infinitesimal
characters F(λ) including λ. Every λ′ ∈ F(λ) can be indexed by some w ∈ W/W (λ).
Write Bλ′,χ for the set of equivalence classes of standard representation parameters with
infinitesimal character λ′ ∈ F(λ) and a fixed central character χ of G˜, and
B :=
∐
λ′∈F(λ),χ∈
∏
g(Z(G˜))
Bλ′,χ.
As we will see later the coherent continuation action is closely related to the cross
action. We may use F(λ) to define the cross action of W on B, denoted w× γ for w ∈W ,
γ ∈ B, as shown in [RT]. In fact, fixing an infinitesimal character λ′ ∈ F(λ) and a central
character χ, W (λ) acts on Bλ,χ by the cross action.
On the other hand, there is a coherent continuation action of W (λ) on Z[Bλ,χ]. The
formulas of the coherent continuation action can be derived from those of the Hecke op-
erators as we shall see. We set M = Z[u
1
2 , u−
1
2 ][B]. We fix the abstract infinitesimal
character λa ∈ F(λ) corresponding to the positive root system ∆+ := ∆+a (g, h
a) (where
ha is an abstract Cartan subalgebra of g) and the set of simple roots Πa ⊂ ∆+a . For s = sα
with α ∈ Πa, the action of Ts on γ ∈ M is defined in Section 9 of [RT].
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We also consider ∆(λ), the integral root system for λ and the integral Weyl group
W (λ). Choose Π(λ) to be a set of simple roots for ∆(λ).
Given α ∈ Π(λ), we will need to decompose sα into a product of simple reflections.
This can be easily done. In fact, we need the decomposition in the following Lemma.
Lemma 6.2. Suppose ∆ is a simply laced root system with Π ⊂ ∆+ a choice of simple
roots. Let α ∈ ∆. Suppose sα is decomposed into a product of simple reflections
sα = sα2l+1 · · · sα2sα1
with αj ∈ Π and αj = α2l+2−j for 1 ≤ j ≤ l. Define βk = sβk−1 · · · sβ1 for 1 ≤ k ≤ 2l+ 1.
Then
(26) sα = sβ2l+1 · · · sβ2sβ1
with each βk simple for the chamber of sβk−1 · · · sβ1(ρ).
Proof. This can be proved by induction on l. 
Given a root β, we write Tβ for the Hecke operator Tsβ for simplicity. Using the notation
in Lemma 6.2,
(27)
Tα(γ) = Tβ2l+1 · · ·Tβ2Tβ1(γ)
= p2l+1(u) · · · p1(u)sβ2l+1 × (sβ2l × · · · (sβ1 × γ))
+ (terms from more split Cartan subgroups),
where pj(u) ∈ Z[u, u−1]. Note that each root βk is simple for the preceding parameter
sβk−1 × · · · × (sβ1 × γ). By [V2], we can define the coherent continuation action of W (λ)
on Z[B], denoted w · γ, with w ∈W (λ), γ ∈ B, as follows.
For sα ∈W (λ) with α ∈ Π(λ),
sα · γ := −Tsα(γ)|u=1, with each term δ on the right sidemultiplied by (−1)
ℓ(γ)−ℓ(δ),
where ℓ is the length function defined on parameters (see Definition 2.3).
Therefore, from each step Tαj in (27), we may define
sβj · δ = −Tβj(δ)|u=1, if αj is real or imaginary for δ;
sβj · δ = Tβj(δ)|u=1, if αj is complex for δ.
Notation 6.1. Let α ∈ Π(λ). Retain the notation in Lemma 6.2. Denote m(γ, sα) the
number of occurrences of imaginary roots in {βj , 1 ≤ j ≤ 2l + 1} with respect to the
parameters sβj−1 × · · · × (sβ1 × γ).
An easy calculation shows that
(28) sα · γ = (−1)
m(γ,sα)sα × γ + (terms from more split Cartan subgroups).
Now fix a block Bλ,χ of regular characters of G˜, then W (λ) acts on Z[Bλ,χ] by the
coherent continuation action, since w × γ ∈ Bλ,χ for all w ∈ W (λ), γ ∈ B. Due to the
reason stated in the beginning of the section, the goal is to compute [sgnW (λ) : Z[Bλ,χ]], the
multiplicity of the sign representation in Z[Bλ,χ] when considered asW (λ)-representations.
Notice that two λ-regular characters γi = (H˜i,Γi, γi) and γj = (H˜j ,Γj , γj) from B are
in the same cross action orbit if and only if H˜i = H˜j . We enumerate the Cartan subgroups
of G˜ as {H˜1, · · · , H˜m}, and pick a regular character γj specified by H˜j , then {γ1, · · · , γm}
is a set of representatives of the cross action orbits of W (λ) on Z[Bλ,χ].
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Let Wγj = {w ∈ W (λ) |w × γj = γj} be the cross stabilizer of γj in W (λ). Then we
have the following proposition.
Proposition 6.3. As a W (λ)-representation, Z[Bλ,χ] ≃
⊕
j Ind
W (λ)
Wγj
(ǫj), where ǫj is a
one-dimensional representation of Wγj such that for w ∈ Wγj , w · γj = ǫj(w)γj+ other
terms from more split Cartan subgroups.
Proof. This can be easily proved by the formulas given in [RT] and (28). 
By Proposition 6.3 and Frobenius reciprocity, the multiplicity of sgnW (λ) in Z[Bλ,χ] is
[sgnW (λ) : Z[Bλ,χ]] = [sgnW (λ)|Wγj : ǫj ], which is equal to 0 or 1, since sgnW (λ)|Wγj is
one-dimensional. This means that we have reduced our goal to count the number of γj ’s
making [sgnW (λ)|Wγj : ǫj ] = 1. Equivalently, we calculate the number of γj such that
(29) sgnW (λ)|Wγj = ǫj .
Due to Proposition 6.3 and (29), we have to analyze Wγj and ǫj for each γj .
Now we specialize to the case that G˜ is of type E. In this case, λ = ρ/2. We summarized
ρ/2, ∆(ρ/2), and Π(ρ/2) for each type in 5.10.
We study the coherent continuation representation ofW (ρ/2) on Z[Bρ/2,χ] with a given
genuine central character χ of G˜.
Recall the notation W r(λ),W i(λ),WC(λ)θ from Section 7 in [AT]. For γ ∈ Bρ/2,χ,
let ∆r and ∆i be the real and imaginary roots, and ∆r(ρ/2) = ∆r ∩∆(ρ/2),∆i(ρ/2) =
∆i ∩∆(ρ/2). Let
∆C(ρ/2) = {α ∈ ∆(ρ/2) | 〈α, ρ∨r 〉 = 〈α, ρ
∨
i 〉 = 0},
where ρr =
1
2
∑
α∈∆+∩∆r(ρ/2)
α, ρi =
1
2
∑
α∈∆+∩∆i(ρ/2)
α.
Let W r(ρ/2) = W (∆r(ρ/2)),W i(ρ/2) = W (∆i(ρ/2)), and let WC(ρ/2)θ be the fixed
points of θ acting on WC(ρ/2) =W (∆C(ρ/2)). According to Proposition 7.14 in [AT], we
have
(30) Wγ = [W
i(ρ/2)×W r(ρ/2)]⋊WC(ρ/2)θ
We pick a parameter γr,m,s corresponding to each Cartan subgroup H˜
r,m,s to be the
representative of the cross action orbit as follows. Here we use the notation introduced in
5.10.
(31)
E6 : γ2,2,0 = γ({1, 2, 3, 4})
γ0,3,0 = γ({1, 2}, {−1,−2}, {3, 4})
γ0,2,2 = γ({1, 2}, {−1,−2})
γ0,1,4 = γ({1, 2})
γ0,0,6 = γ(∅)
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(32)
E7 : γ7,0,0 = γ({1, 2, 3, 4, 5, 6}, {7, 8})
γ5,1,0 = γ({1, 2, 3, 4}, {5, 6}, {7, 8})
γ3,2,0 = γ({1, 2, 3, 4}, {7, 8})
γ1,3,0 = γ({1, 2}, {−1,−2}, {3, 4}, {7, 8})
γ2,2,1 = γ({1, 2, 3, 4})
γ1,2,2 = γ({1, 2}, {−1,−2}, {7, 8})
γ0,3,1 = γ({1, 2}, {−1,−2}, {3, 4})
γ0,2,3 = γ({1, 2}, {−1,−2})
γ0,1,5 = γ({1, 2})
γ0,0,7 = γ(∅)
(33)
E8 : γ8,0,0 = γ({1, 2, 3, 4, 5, 6, 7, 8})
γ6,1,0 = γ({1, 2, 3, 4, 5, 6}, {7, 8})
γ4,2,0 = γ({1, 2, 3, 4}, {5, 6}, {7, 8})
γ2,3,0 = γ({1, 2, 3, 4}, {5, 6})
γ0,4,0 = γ({1, 2}, {−1,−2}, {3, 4}, {5, 6})
γ2,2,2 = γ({1, 2}, {−1,−2}, {3, 4}, {−3,−4})
γ0,3,2 = γ({1, 2}, {−1,−2}, {3, 4})
γ0,2,4 = γ({1, 2}, {−1,−2})
γ0,1,6 = γ({1, 2})
γ0,0,8 = γ(∅)
In the following contents, the notation for roots and Weyl group elements are from
Notation 5.1.
Lemma 6.4. Suppose γ is one of the following parameters:
E6 : γ0,2,2, γ0,1,4, γ0,0,6
E7 : γ0,0,7, γ0,1,5, γ0,2,3, γ1,2,2
E8 : γ0,0,8, γ0,1,6, γ0,2,4, γ0,3,2, γ2,2,2.
Then W r(ρ/2) 6= 1. More precisely,
(a) if γ is one of the above parameters of type E6 and E7, w = s35 ∈W r(ρ/2);
(b) if γ is one of the above parameters of type E8, w = s57 ∈ W
r(ρ/2);
For w chosen above, we have that ǫγ(w) = 1.
Proof. For the case of type E6 and E7, θγ(−α3 + α5) = −(−α3 + α5) for each γ listed,
so s35 ∈ W r(ρ/2). Decompose s35 as a product of simple reflections: s35 = s45s34s45.
Furthermore, we decompose s35 into a product in (26) with β1 = −e4 + e5, β2 = −e3 +
e5, β3 = −e3+e4. Using θγ for each listed γ, it can be readily verified that θγ(βi) = −βi and
hence each βi is a real root for the parameter sβi−1 × (sβi−2 ×· · · (sβ1 ×γ)). Consequently,
m(γ, s35) = 0 and hence wγ(s35) = 1.
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Similarly for the case of E8: s57 = s67s56s67, and this is equal to the decomposition in
(26) with β1 = −e6 + e7, β2 = −e5 + e7, β3 = −e5 + e6. The rest argument is the same as
the case of E6 and E7.

Lemma 6.5. Suppose γ is one of the following parameters:
E6 : γ0,3,0
E7 : γ5,1,0, γ3,2,0, γ1,3,0, γ0,3,1
E8 : γ6,1,0, γ4,2,0, γ2,3,0, γ0,4,0.
Then there exists an element w ∈ WC(ρ/2)θ such that ǫγ(w) = −1. More precisely, w can
be chosen as follows:
E6 : γ0,3,0 w = s13s13s24s24
E7 : γ5,1,0, γ1,3,0, γ0,3,1 w = s13s13s24s24
γ3,2,0 w = r4567r123567r1247r37
E8 : γ6,1,0, γ4,2,0, γ2,3,0, γ0,4,0 w = s13s13s24s24.
Proof. Let γ be one of the parameters listed above.
First suppose γ is not γ3,2,0 of type E7. Let w = s13s13s24s24. Note that θγ =
s12s12s34w
′ for some w′ ∈ W with ww′ = w′w. So to show w ∈ WC(ρ/2)θ it suffices
to show that s12s12s34w = ws12s12s34. This equality holds since both the right hand
side and left hand side maps (x1, x2, x3, x4) to (x1, x2, x4, x3) for any sequence of numbers
(x1, x2, x3, x4). Now we decompose w = s13s13s24s24 into a product of simple roots:
w = s13s13s24s24
= (s23s12s23)(s23s12s23)(s34s23s34)(s34s12s23s12s23s12s34)
= s23s12s12s23s34s23s12s23s12s23s12s34
Write this to be a product w = sβ12 · · ·wβ1 as in (26), where the βi’s are in turn
−e3 + e4 (im), −e1 + e2 (im), −e1 + e4 (cx) , e2 + e4 (cx), e1 + e2 (im), e1 + e4 (cx)
e2 − e4 (cx), e3 + e4 (real), e2 + e3 (cx), e1 + e3 (cx), −e1 + e3 (cx), −e2 + e3 (cx).
The word inside parentheses after every βi indicates the root type with respect to the
preceding parameter. Therefore, m(γ, w) = 3, and hence ǫγ(w) = −1.
Now suppose that γ = γ3,2,0 with type E7. Take w = r4567r123567r1247r37. Since
θ = θγ = (−1)s12s12s34s34s78,
θwθ−1 = sθβ4567sθβ123567sθβ1247sθβ37
= r47r1237r124567r3567.
To show w ∈ WC(ρ/2)θ, we have to show r4567r123567r1247r37 = r47r1237r124567r3567.
This is a straightforward calculation by checking that these two Weyl group elements agree
on the simple roots of E7.
Now we decompose w = r4567r123567r1247r37 into a product of simple roots:
r4567 = s12s23s12s23s12r234567s12s23s12s23s12
r123567 = s34s23s12r234567s12s23s34
r1247 = s56s23s12r234567s12s23s56
r37 = s56s24r234567s24s56,
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where s56 = s45s34s23s12s56s45s34s23s12s23s34s45s56s12s23s34s45 and s24 = s12s34s23s12s23s34s12.
Write this to be a product w = sβ72 · · · sβ1 as in (26), where the βi’s are in turn (up to a
sign)
−e4 + e5 (cx), −e3 + e5 (cx), −e2 + e5 (cx) ,−e1 + e5 (cx), −e4 + e6 (cx), −e3 + e6 (cx)
−e2 + e6 (cx), −e1 + e6 (cx), e5 + e6 (real) , e1 + e5 (cx), e2 + e5 (cx), e3 + e5 (cx)
e4 + e5 (cx), e1 + e6 (cx), e2 + e6 (cx) , e3 + e6 (cx), e4 + e6 (cx), −e1 + e2 (im)
−e3 + e4 (im), −e1 + e4 (im), e2 + e4 (im) , e1 + e2 (im), e2 + e3 (im), e1 + e4 (im)
β37 (cx), β1347 (cx), e2 + e3 (im) , β1237 (cx), β2347 (cx), −e1 + e4 (im)
β47 (cx), −e1 + e2 (im), β27 (cx) , β17 (cx), β1247 (cx), e2 + e4 (im)
e1 + e4 (im), β3467 (cx), β123467 (cx) , β2367 (cx), β1367 (cx), β3457 (cx)
β123457 (cx), β2357 (cx), β1357 (cx) ,−e7 + e8 (im), β2467 (cx), β1467 (cx)
β67 (cx), β1267 (cx), β2457 (cx) , β1457 (cx), β57 (cx), β1257 (cx)
e1 + e2 (im), −e2 + e4 (im), −e1 + e4 (im) , β123567 (cx), β234567 (cx), β134567 (cx)
β3567 (cx), −e1 + e2 (im), e2 + e4 (im) , β1567 (cx), β124567 (cx), β2567 (cx)
β4567 (cx), −e2 + e4 (im), e1 + e2 (im) ,−e1 + e4 (im), e2 + e4 (im), e1 − e2 (im).
Here im means the root is imaginary, and cx means the root is complex. It turns out that
there are 23 imaginary roots showing up in this list. Therefore, m(γ, w) = 23, and hence
ǫγ(w) = −1. 
Remark 6.2. For w ∈ W r(ρ/2) in Lemma 6.4, sgn(w) = −1, and hence the corresponding
parameter γ fails to satisfy (29). For w ∈WC(ρ/2)θ in Lemma 6.5, sgn(w) = 1, and hence
the corresponding parameter γ fails to satisfy (29).
Theorem 6.3. Suppose G˜ is the split group of type E. Then |
∏s
ρ/2(G˜)| = 1, 4, 1, if G˜ is
of type E6, E7, E8, respectively. Accordingly,
∏s
ρ/2(G˜) =
∏
RD
(G˜).
Proof. Due to the observation in Remark 6.2, the parameters in Lemma 6.4 and 6.5 fail
to satisfy (29). Therefore, the parameters for each type (with a fixed central character)
which have not been ruled out are
E6 : γ2,2,0
E7 : γ7,0,0, γ2,2,1
E8 : γ8,0,0.
This means that |
∏s
ρ/2(G˜)| ≤ 1, 4, 1 for E6, E7, E8, respectively, since the number of
genuine central characters is 1 for E6, 2 for E7, and 1 for E8. In [Ts], it is shown that∏
RD
(G˜) ⊆
∏s
ρ/2(G˜) and |
∏
RD
(G˜)| = 1, 4, 1 for E6, E7, E8, respectively. Therefore,
|
∏s
ρ/2(G˜)| = 1, 4, 1 for E6, E7, E8, respectively, and
∏s
ρ/2(G˜) =
∏
RD
(G˜). 
7. Proof of the main Theorem
Let γ0 be the regular character corresponding to the trivial representation C and let
IG(γ0) be the standard module parametrized by γ0. Write C as a sum of standard modules,
say,
(34) C =
∑
γ
M(γ, γ0)IG(γ),
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with γ taken over holomorphic characters and M(γ, γ0) = (−1)ℓ(γ)−ℓ(γ0) (see [A1, Section
7], for example).
Equation (34) is the Zuckerman character formula for the trivial representation. We
take LiftG˜G on (34). After lifting, some terms on the right vanish:
(35) LiftG˜G(C) =
∑
some γ˜
cγ˜IG˜(γ˜).
To prove the main theorem, it amounts to showing that J(δ˜) shows up on the right side
of (35) for J(δ˜) ∈
∏
RD
(G˜).
Let Sh ∈ SH and let γSh be the corresponding regular character. Every representation
in
∏
RD
(G˜) is of the form J(cS(γSh)) for some S ∈ RD. The following Lemma characterizes
the standard modules IG˜(δ˜) which contains J(cS(γSh)) as a composition factor.
Recall that Pγ,δ(u) is a Kazhdan-Lusztig polynomial andM(γ, δ) = (−1)ℓ(δ)−ℓ(γ)Pγ,δ(1).
Lemma 7.1. Using the notation in Section 5.1, let
(a) γ∗ = γ({1, 2}, . . . , {2p− 1, 2p}) if G˜ = S˜L(2p,R);
(b) γ∗ = γ({1, 2}, . . . , {2p− 1, 2p}), γ({1, 2}, . . . , {2p− 3, 2p− 2}, {−(2p− 1),−2p}),
or γ({2p− 1, 2p}, {−(2p− 1),−2p}) if G˜ = S˜pin(2p, 2p);
(c) γ∗ = γ({2p− 1, 2p}, {−(2p− 1),−2p}) if G˜ = S˜pin(2p+ 1, 2p+ 1);
(d) γ∗ = γ({−1,−2}, {3, 4}, {5, 6}) if G˜ = E˜7(split).
Then Pγ∗,δ(1) =
{
1 if δ ⊆ γ∗,
0 if δ 6⊆ γ∗.
Consequently, M(γ∗, δ) =
{
(−1)ℓ(δ)−ℓ(γ
∗) if δ ⊆ γ∗,
0 if δ 6⊆ γ∗.
Proof. We prove the assertion for (a). The argument for the rest cases is similar.
Let δ ( γ∗. Suppose that {2i1 − 1, 2i1}, {2i2 − 1, 2i2}, . . . , {2ik − 1, 2ik} are the pairs
missing from δ. This means that α1 = e2i1−1 − e2i1 , . . . , αk = e2ik−1 − e2ik are imaginary
for γ∗ and are real for δ. Write s1, . . . , sk to be the simple reflections corresponding to
α1, . . . , αk, respectively. Then by by Case III (iv) of [RT, Proposition 7.10]
Pγ∗,δ(1) = Ps1×γ∗,(s1×δ)α1 (1) = Ps2×(s1×γ∗),(s2×(s1×δ)α1 )α2 (1)
= · · · · · · = Psk×(···×s2×(s1×γ∗)),(sk×···(s2×(s1×δ)α1)α2 ··· )αk (1)
= Psk×(···×s2×(s1×γ∗)),sk×(···×s2×(s1×γ∗))(1) = 1
Now suppose that δ 6⊆ γ∗ with ℓ(δ) > ℓ(γ∗). Suppose that {i1, j1}, {i2, j2}, . . . , {ik, jk}
are the pairs missing from δ, where the i’s are in {1, 3, . . . , 2p−1}, j’s are in {2, 4, . . . , 2p}.
Note that k ≥ 1; otherwise, ℓ(δ) < ℓ(γ∗). Then α1 = ei1 − ej1 , . . . , αk = eik − ejk are
complex for γ∗ and are real for δ. Each αl is not necessarily simple in ∆
+. We move to
another chamber if needed, say, w∆+ with w = tm · · · t2t1, where ti+1 is simple in ti(∆+),
such that α1, . . . , αk are simple in w∆
+. Define
γ# = tm × (· · · × t2 × (t1 × γ
∗)), and
δ# = tm × (· · · × t2 × (t1 × δ)).
In this way, α1, . . . , αk are again complex for γ
# and are real for δ#. Write s1, . . . , sk to
be the simple reflections corresponding to α1, . . . , αk, respectively. Then by Case III (i)
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and (ii) of [RT, Proposition 7.10],
Pγ∗,δ(1) = Pγ#,δ#(1) = Ps1×γ#,(s1×δ#)α1 (1) = Ps2×(s1×γ#),(s2×(s1×δ#)α1)α2 (1)
= · · · · · · = Psk×(···×s2×(s1×γ#)),(sk×···(s2×(s1×δ#)α1 )α2 ··· )αk (1)
= 0
The last equality is true since
ℓ(sk × · · · (s2 × (s1 × δ
#)α1)α2 · · · )αk) < ℓ(sk × (· · · × s2 × (s1 × γ
#)).

Lemma 7.2. Fix S ∈ RD and fix Sh ∈ SH with central character χ. Then J(cS(γSh))
is a composition factor of IG˜(γ˜) if and only if IG˜(γ˜) is of the form IG˜(cS′(γSh)), where
S′ ⊆ S. Moreover, the multiplicity of J(cS(γSh)) in IG˜(cS′(γSh)) is 1, i.e.
m(cS(γSh), cS′(γSh)) = 1.
Proof. It suffices to show that for γ∗ listed in Lemma 7.1, we have that
(i) m(γ∗, δ∗) = 1 if δ∗ ⊆ γ∗;
(ii) m(γ∗, δ∗) = 0 if δ∗ 6⊆ γ∗.
When G˜ = S˜L(2n,R), γ∗ = γ({1, 2}, {3, 4}, . . . , {2p− 1, 2p}).
We prove (i) by induction on number of pairs of {i, i+1} (with i odd) occurring in γ∗.
Suppose γ∗ = γ({1, 2}). By Case III (iv) of Proposition 7.10 in [RT], Pγ∗,γ(∅)(1) = 1,
and hence M(γ∗, γ(∅)) = −1. Then
J({1, 2}) = I({1, 2}),
J(∅) = I(∅)− I({1, 2}).
Consequently, I(∅) = J(∅) + J({1, 2}), meaning that m(γ∗, γ(∅)) = 1 and m(γ∗, γ∗) = 1.
Now for any γ⋄ = γ({1, 2}, . . . , {2p− 1, 2p}︸ ︷︷ ︸
# of pairs <p
) with γ⋄ ( γ∗, suppose that m(γ⋄, δ) = 1
if δ ⊆ γ⋄.
Fix δ∗ with δ∗ ( γ∗. Let ℓ(δ∗) = ℓs− q with q < p. Since M(γ, δ)m(γ, δ) = Id, we have
(36)
∑
δ
M(γ∗, δ)m(δ, δ∗) = 0.
This can be rewritten as
(37) 0 =M(γ∗, γ∗)m(γ∗, δ∗) +
∑
δ
ℓ(γ∗)<δ<ℓ(δ∗)
M(γ∗, δ)m(δ, δ∗) +M(γ∗, δ∗)m(δ∗, δ∗).
Therefore,
(38) m(γ∗, δ∗) = −
 ∑
δ
δ∗⊂δ⊂γ∗
M(γ∗, δ)m(δ, δ∗)
− (−1)ℓ(γ∗)−ℓ(δ∗).
By induction hypothesis, {δ | m(δ, δ∗) = 1} = {δ | δ∗ ⊆ δ}, along with Lemma 7.1, we
have
(39) m(γ∗, δ∗) = −
(
p−q−1∑
i=1
(−1)i
(
p− q
i
))
− (−1)p−q = 1
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since −
(∑p−q−1
i=1 (−1)
i
(
p−q
i
))
=
{
0 if p− q is odd,
2 if p− q is even.
Next we prove (ii) by induction on p. For any γ⋄ = γ({1, 2}, . . . , {2p− 1, 2p}︸ ︷︷ ︸
# of pairs <p
) with
γ⋄ ( γ∗, suppose that m(γ⋄, δ) = 0 if δ 6⊆ γ⋄.
Now fix δ∗ with δ∗ 6⊆ γ∗ and ℓ(δ∗) = ℓs − q with q < p. We have equation (37) again,
whereas in this case (37) becomes
(40) m(γ∗, δ∗) = −
∑
δ
δ(γ∗
M(γ∗, δ)m(δ, δ∗)

In the sum on the right side of (40), since δ ⊂ γ∗, we have δ∗ 6⊆ δ, and hencem(δ, δ∗) = 0
by induction hypothesis for every δ occurring in (40). Consequently, m(γ∗, δ∗) = 0.
The argument for γ∗ = γ({1, 2}, . . . , {2p− 3, 2p − 2}, {ǫ(2p− 1), ǫ2p}), ǫ = ±1, when
G˜ = S˜pin(2p, 2p) is analogous to that of G˜ = S˜L(2n,R).
Now suppose γ∗ = γ({2p − 1, 2p + 1}, {−(2p − 1),−(2p + 1)}) in type D2p. Then
ℓ(γ∗) = ℓ(γ(∅)) − 2. We just need to show (i) and (ii) for δ∗ with ℓ(δ∗) = ℓ(γ(∅)) − 1.
Fix such δ∗ ⊂ γ∗, that is, δ∗ = γ({2p − 1, 2p + 1}) or γ({−(2p− 1),−(2p + 1)}). Then
M(γ∗, δ∗) = −1 (by the argument in the proof of Lemma 7.1). Therefore, (37) becomes
0 =M(γ∗, γ∗)m(γ∗, δ∗) +M(γ∗, δ∗)m(δ∗, δ∗) = m(γ∗, δ∗)− 1,
and hence m(γ∗, δ∗) = 1.
If δ∗ 6⊂ γ∗ with ℓ(δ∗) = ℓ(γ(∅)) − 1, we have M(γ∗, δ∗) = 0, and hence (37) gives
0 =M(γ∗, γ∗)m(γ∗, δ∗), so m(γ∗, δ∗) = 0, as desired.
The case of γ∗ = γ({−1,−2}, {3, 4}, {5, 6}) in type E7 is similar.

Lemma 7.3. Fix S ∈ RD. Let γ0 be the regular character for C. Then
M(cS′(γ0), γ0) = (−1)
ℓ(γ0)−ℓ(cS′(γ0))
for S′ ⊆ S.
Proof. This can be easily checked by the Kazhdan-Lusztig-Vogan algorithm for linear
groups (see [V2]). 
Theorem 7.1. Let G˜ be split of type A,D,E. Then
∏
RD
(G˜) ⊆ Lift(C).
Proof. We need to show that the coefficient of each J(δ˜) ∈
∏
RD
(G˜) in (35) is nonzero.
By Lemma 7.2, for each S ∈ RD, one needs to compute the coefficient of I(cS′(γSh)) for
S′ ⊆ S.
It is clear that every Sh is in Lift(C) since the only standard module containing Sh in
(35) is I(γSh). Therefore, we just need to show the theorem when |
∏
RD
(G˜)| > 1. That
is, we will compute the coefficient of each J(cS(γSh)) in (35) for ∅ 6= S ∈ RD.
By Theorem 3.2, Lemma 7.2 and Lemma 7.3, for S ∈ RD, the coefficient of J(cS(γSh))
in Lift(C) is
(41)
∑
S′⊆S
(−1)ℓ(γ0)−ℓ(γS′)C(HS′),
26 WAN-YU TSAI
which is denoted KS , where γ0 is the regular character for C, γS′ := cS′(γ0) is a regular
character specified by HS′ . We compute the constants C(HS′) (defined in Theorem 3.2)
and the coefficients KS case by case. We use the labeling in [Ts, Table 3] for the roots αj
in S′ and S.
(i) Type An−1, n = 2p
When S = {α1, α3, · · · , α2p−1}:
S′ #{S′} HS′ C(HS′)
∅ 1 (R×)n−1 1
{αi}
(
p
1
)
(R×)n−3 × C× 1
...
...
...
...
{αi1 , . . . , αik}
(
p
k
)
(R×)n−1−2k × (C×)k 1
...
...
...
...
S − {αi}
(
p
p− 1
)
R× × (C×)p−1 1
S 1 (C×)p−1 × S1 2
In this table, i ∈ {1, 3, . . . , 2p− 1} and {i1, . . . , ik} ⊂ {1, 3, . . . , 2p− 1}. Then
from (41),
KS =
p−1∑
k=0
(−1)k
(
p
k
)
+ (−1)p · 2 =
{
1 if p is even,
−1 if p is odd.
(ii) Type Dn, n = 2p
When S = {αn−1, αn}:
S′ #{S′} HS′ C(HS′)
∅ 1 (R×)n 1
{αi} 2 (R
×)n−2 × C× 1
S 1 (R×)n−3 × C× × S1 2
In this table, i ∈ {n− 1, n}. Then from (41),
KS = 1− 2 · 1 + 2 = 1.
When S = {α1, α3, · · · , α2p−3, α2p−1} or {α1, α3, · · · , α2p−3, α2p} :
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S′ #{S′} HS′ C(HS′)
∅ 1 (R×)n 1
{αi}
(
p
1
)
(R×)n−2 × C× 1
...
...
...
...
{αi1 , . . . , αik}
(
p
k
)
(R×)n−2k × (C×)k 1
...
...
...
...
S − {αi}
(
p
p− 1
)
(R×)2 × (C×)p−1 1
S 1 R× (C×)p−1 × S1 2
In this table, if S = {α1, α3, · · · , α2p−3, α2p−1}, i ∈ {1, 3, . . . , 2p − 3, 2p −
1} and {i1, . . . , ik} ⊂ {1, 3, . . . , 2p− 3, 2p− 1}; if S = {α1, α3, · · · , α2p−3, α2p−1},
i ∈ {1, 3, . . . , 2p− 3, 2p− 1} and {i1, . . . , ik} ⊂ {1, 3, . . . , 2p− 3, 2p− 1}.
Then from (41),
KS =
p−1∑
k=0
(−1)k
(
p
k
)
+ (−1)p · 2 =
{
1 if p is even,
−1 if p is odd.
(iii) Type Dn, n = 2p+ 1
This case is the same as the case of n = 2p and S = {αn−1, αn}.
(iv) Type E7
When S = {α1, α3, α7}:
S′ #{S′} HS′ C(HS′)
∅ 1 (R×)7 1
{αi} 3 (R
×)5 × C× 1
{αi1 , αi2} 3 (R
×)3 × (C×)2 1
S 1 (R×)n−3 × C× × S1 2
In this table, i ∈ {1, 3, 7}, and {i1, i2} ⊂ {1, 3, 7}. Then from (41),
KS = 1− 3 + 3− 2 = −1.
SinceKS 6= 0 for all J(cS(Sh)) with S ∈ RD, we conclude that
∏
RD
(G˜) ⊆Lift(C).

We summarize this paper by the following proposition.
Proposition 7.4. Let G˜ be the nonlinear double cover of the simply laced split real group
G with G = SL(n,R), Spin(n, n) or the split real group of type E. Let SHρ/2 = {Shi}
be the set of irreducible quotients of pseudospherical principal series representations of G˜
with infinitesimal character ρ/2. The roots αj are labeled according to [Ts, Table 3]. Then
we have
(a) When G = SL(2p,R),
LiftG˜G(C) = Sh1 + Sh2 + (−1)
p(π1 + π2),
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where πi = c{α1,α3,...,α2p−1}(Shi).
(b) When G = SL(2p+ 1,R),
LiftG˜G(C) = Sh.
(c) When G = Spin(2p, 2p),
LiftG˜G(C) =
4∑
i=1
[Shi + πi + (−1)
p(δi + σi)] ,
where πi = c{α2p−1,α2p}(Shi), δi = c{α1,α3,...,α2p−3,α2p−1}(Shi), δi = c{α1,α3,...,α2p−3,α2p}(Shi).
(d) When G = Spin(2p+ 1, 2p+ 1),
LiftG˜G(C) = Sh1 + Sh2 + π1 + π2,
where πi = c{α2p−1,α2p}(Shi).
(e) When G = E6(split),
LiftG˜G(C) = Sh.
(f) When G = E7(split),
LiftG˜G(C) = Sh1 + Sh2 − π1 − π2,
where πi = c{α1,α3,α7}(Shi).
(g) When G = E8(split),
LiftG˜G(C) = Sh.
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